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Zero—error capacity
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Zero—error capacity
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Can Ae <
3.-s5. C /\/5(6 og 9 ()

M/S/’IZ‘ be <L

Yes, iZ s e?aa/ /ﬁy !
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Channe! N i X —Y, ie. stochastic rap

/\/ ( y / X> ] Z‘I‘QHS /‘Z‘/‘on proéaéi/ /‘Z(/‘e\f

Wart to Send information (in x), swuch that

recever (s ee/ng y> can be certan aboutd 7.
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[ () = £ 0 # Mylx) = 0.
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L NI NI > O,
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6/‘@?/75 Vid Kronecl.éer/ CensSor proa/acz( .
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;> 3= A y possible:

WM y/x> 20

Wence: codebook $§ 408 C X ptst be an
1ndependent set 15 <2

Mcaximien Size:
o ( 6> = /na/epena/encéz nutmber of (7.

el ~knowon to be NP —Clomp/eZ‘e ! )
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al(@) < 3(B) = max 7+ BT s2. B=p, 7r B=
Bxy-: O Vxy € G.

CL. Lovdsz, TEECE-TT 21—z, 197971

CC.E Shannon, I(f—-IT‘,?(B)'S—-Iq, CEVAR

Best: A (@) = min (') s2. G > graph of T

T

( 4 lained at F Z‘hdf /7d5 an oapr(Z‘ for e\/ery
/y/ax//y/a/ C://?ae of 6 F(C/X>=l 1£F XEC.>



CC.E. Shannon, I(f—IT‘?(B)’S—Iq, 195¢ 1
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CC.€. Shannon, IKE-I7 A 3):s-19, 19541

Hsymptotically mamy channe! uses — capacity:

CO(6> = //‘/)7,—;- /03 O((GM> < /og 19(6>

P

=suUp because Z 9 GxesN=9 (G S (N
104 (GX%Z 104 (6> 04 (y/} CL. lovdsz, TEECE-TT 25(Di1-=2, 19297



log a(G) < C (&) < log 3(F) < /og a’(T')

Also Fractiona/ pac.é/‘ng )

Ve )24 /Y/Ae/‘ Ve g074 / Z‘/p/ 1calive:
o (T'el'") = a(THa (T,
(G = a (@ a () !
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bet &(C5> =V'5 , and Oé*(7;> = 5/2.



log a(G) < C (&) < log 3(F) < Jog a’(T')

4 // /.ne?é(a/ 1lies can Ae SZ‘I‘/‘CLZ‘) £Irst and /ast:

Ex. Typewriter channel/ pentagon
a(C =2, a(C xC )=5>4,
bet &(C5> =V'5 , and Oé*(7;> = 5/2.

Note: (T = 3/2, bed a7(K) = !



log a(G) < C (&) < log 3(F) < Jog a’(T')
A// /‘ne?é(a/ ities can be SZ‘I‘/‘CLf)' £irst and /ast:

Kandors graphs G ~ K ny Vo) have, whp,
a (@) ~ /03 n, (@D ~ hn o (G = n/(/og »)



log a(G) < C (&) < log 3(F) < Jog a’(T')

4 // /ne?ad/ 1lies can Ae SZ‘N‘CLZ‘) riudd/e dite o

W. Haemers CIECE-TT 25 2) ;,231—232, 19729 1,
Viad Q differesnt a/geéra/c and ML(/ Z /p/ 1Calive

50&(/70/ on O whchHh s omef/‘meé( ! > 1S AefZ‘er
2han O .



/og O((6> < C0(6> < /03 19(6> < /03 Oé*(r>

4 // /‘ne?ad/ 1lies can Ae SZ‘N‘CLZ‘) riudd/e dite o

W. Haemers CIECE-TT 25 2) ;,231—232, 19729 1,
via a different algebraic and meultiplicative
bownd on O which sometimes(l) is bedler
Zhan O .

Yowever: w/o Sacrifi cing mulliplicalivity,

3. . arnnot Ae /“MprO\/ea/ CAcin/Duan/Sanz/ AW, 201471.



log a(G) < C (&) < log 3(F) < Jog a’(T')

A/ /ne?aa/ ties can be Strict; ruddle due Zo
W. Haemers CITECE-TT 25 2) ;,231—232, 19729 1,
via a different algebraic and meultiplicative
bowund on O which Sometines(!) is better
Zhan O .

Delernrunation of C 0( <) open, not even

.énoa)n o Ae cOmpaZ‘aA/ e...

CN. Alon/E. Lubetzby, TEECE-TT s 8)i21722-2126, 20061
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a/ /. ow/nﬁ da/a//Z‘/ona/ reSouUrceS 17 f/?e en— /

dec od. /‘nﬁ 7



C0(6> < /03 29(6>

Tdea: /per/%gﬁé eoe C.an CL/ oSe Z‘/’/e 3@9 A}/
d/ /. oa)/‘ng da/a//‘Z‘/‘ond/ FreSouUrCeS 1/ Z(/’le en —'/

a/eC’/oa//nﬁ 4

-+ feea/édclé CC.E. Sharnnon, IKE-T7 A 3):s-19, 19547
C A1) = log a(T'), with constant

actval /773 norsel/ess A/Z‘S i



C0(6> < /03 29(6>

Tdea: /per/%gpé eoe C.an CL/ oSe Z‘/’/e 3@9 A}/
d/ /. oa)/‘hg QO/O/I‘Z(I‘O/?Q/ FreSouUrCeS 1/ Z(/’le en -"/

a/eC’/oa//ng 7

-+ feedédc,é CC.E Sharnnon, IKE-T7 A 3):s-19, 195471
-+ enfdng/ e/y/enZ‘ ( ?aanz‘am Clo/‘l‘e/ dZ‘ IoNnS >

+ no —-5/3/74////73 correladions
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For instance, cith Free en’é‘dng/ enent:

J. ( =/‘>

e I g

Maximem #messages =: a (@)

Can shoe Chad tAis a/epena/é on/y ON 6)'
Aurt Aermore can be > o 6>

C7.S. Cubittd et al., PKL 104230503, 201071



Known: (G < al@) < 3(5)

LS. Beig/, PRA §2:010303, 2010
( . Dé[dﬁ/ S. Se\/er/n// 4 W )
IE££—-I7”59(2>-‘“4,4—-“;'4, 2013.1
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Known: (@) < al@) < 3(5)

Since & /s s/ Z‘/}ﬂ/ 1cCalive wnder S Z(/‘ong
graph product, 3 (GxN=9 (F) 3 (), get:

CO(G> < C0£(6> = ///y/ -—I- /03 &(GM> < /05 19(6>

n/\/
/ Unknoeon thether = or < 1

Knoeon exa/np/ es of Separaz‘/on
CD. Leang/ L. Mancinska/ . Matthews/+2, CMP 31:972-il, 2012;

J. Brist /Y. Buhrman/D. Gijsewi 2, PNAS 1019222, 201271
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THhS 15 no-5 /gna/ /. /ng asSSi1Sted zero—error
code /‘f’ J =, a)/Z(/’l ﬁI‘OAaA/‘/ /Z(y l.
ZLe. for a//k/':t/ & eafgeé % n 1, ;5(>f/°//}/>=0



4 // oLo! n3 3@/7@/‘62/ Nno—5Si 3/762/ // n3 COrre/ CZZ‘ 10N

'~ F,Jc_»

THhS 15 no-5 /gna/ /. /ng asSS1Sted zero—errofr

code /‘f’ J =, a)/f/’l ﬁI‘OAaA/‘/ /Z‘}/ l.

ZL.e. for a//&/:t/ & edﬁeé % n 1 , ;5({(///}»:0
MQX/‘MMM #M53. a)/Z‘/7 V2= /\/5 =. E(F>



all') = sax »7 s2. ﬂ{//fy> e NS, /=1,
V/‘%/‘VX}/E [ X >5/.//}/>=0.



all') = pax » s2. ;5(31(///5» Y k//-‘-l.../y/,
‘v’/;f/“v’xye [ X >5/'//y>=0.

C/ e Can lest 3/\/317 Ve ef f7 cfenZ‘/ }/ Ay

/ 1 e programmz‘ng less oA\//oL(S ]



all') = sax »7 s2. ,5({/'//}) e NS, /=1,
viz Ve I A jli)=0.
C/ ear: Can est 3/\&9/7 Ved efLicient/ y Ay

/i ned progra/nm/ng less obiows:

777/)7. a(l“> = LCV*(F> J ) e, Ck* ZA e
£ractional pac,é/ng nuumber of 1 :

(') = maxy w, 5Z. w 20 & for all vy,
Z F(y/X)/,uX < I

L7.S. Cubitd et al., TECE-T7 s $):s509-5523, 2017



Thm. alT) = L a™(T) |, with o ¢he
£ractional /aacé/ng n&(méer o~ 1 :

a*(F> = MQXZ O, S Z. e =0 & For a// Yy
Z F(y/xku)( < I.
L7.5. Cubitt et al., TECE-TT s $)is509-5523, 20171
Cor. Due o multiplicat vidy of o,
‘ | S Q4
COA/S(F> = [ing > /03 all > = /03 a*(F>

CC.E. Shannon, 1956 Sare anScoer For
Feedback-assisted capacity !
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3. Juantur version...

Shocet/d rea//y Consider ?aanz‘am c hannel/s
NBA) —B(B), cotp map on states:

Kraws forrr: MP) = Z EI,Oé:T, ZE,.T{.:IL
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Define K = 5/0&/7{6; $ c EAA—B) and
S = KTK = \Spanifl.fg $ c EA as natwural

aral 0\94(85 of’ the Cransition and
confusability graphs.

CA. Duan)S.Severini /AW, TECE-TT sK 2)gpqg—-124, 2013 )
K. Duan/ AW, arXivid09.342¢1



=% QUL LU channe! (cptp M@p>
N:B(A) — BB, coith Kraus op's €,

Define K = 5/@/756; $ c EAA—B) and
S = KTK = 5pan££,.f§ $ c EA as natwural

aral 0\94(85 of’ the Cransition and
confusability graphs.

(5 =5" 31, s0 Sis an operator systes)

CA. Duan)S.Severini /AW, TECE-TT sK 2)gpqg—-124, 2013 )
K. Duan/ AW, arXivid09.342¢1



Define K = Spanf_é; $ c BAA—B) and
S = KTK = 5/9an££;f§3 c BA.

For classical channel, Kraus operators

are «1'(ylx) ly><xl, so:

K = 5pan£f‘(y/>& /y><>(/; - |,

S = 5/9an£/>(‘><>(/ 5Z.x~x 5§ < &

LAhence S, K extend G, 1 Zo ?aanz‘am...

CA. Duan)S.Severini /AW, TECE-TT sK 2)gpqg—-124, 2013 )
K. Duan/ AW, arXivid09.342¢1



Define K = Spanéé; $ c BAA—B) and
S = KTK = 5/9an£€/.f§; c BA.

Can shoe: Zero—error ranssission
assS1sted Ay enz‘anﬁ/ ement Cor withoed)
depends on/y on S.

Below treat assistance by Quantus rno-
S /gnd/ / /ng correldions, which will Zern
out o depend only on K.

CA. Duan)S.Severini /AW, TECE-TT sK 2)gpqg—-124, 2013 )
K. Duan/ AW, arXivid09.342¢1
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q L an‘L( /7 NNO "'5 IB/?Q/ / /‘ nﬁ . Zalk on ted!

Alice Bodb P: S = «2V Crtp

S w r 7 No —-5/3/74////73 PMeanS :

¢ 77 ZAoet) =B T),

4 77‘\/;D(G®T> 4((7>

CD. Beckman et a/., PKA ¢4:052309, 2001, 7. £qgeling et al ., Evtrophy.
lett. s &) 2$2-28S, 2002, M. Pian et a/., PKA 24:012305, 20061



CA. W, Matdhewos

q 2 CZ/’?Z(L( /7 O "'5 /:9/?&/ / /‘ /73 . Zalk on ted!

Alice Bodb P: S = «2V Crtp

S w f 7 No —-5/3/74////73 PMeaNnS ¢

¢ 77 ZAoet) =B T),
/0 \/ 77‘\/;D(G®T> 4(G>

= VT

E?w\/ yA //near COmé/naZ/ on of 4 & 5
p/é(é Sernndef. constrant for ClpZ‘p

CD. Beckman et a/., PKA ¢4:052309, 2001, 7. £qgeling et al ., Evtrophy.
Let?. sHK $)i2S$2-2SS, 2002 5 M. Piapn et al., PRA 24012305, 20063



CL 4D, Matdhews

q 2 an‘L( /7 NNO "'5 /:9/7&/ / /‘ nﬁ . Zalk on ted!

Sw ff P ST = UV cptp

é 774(?(0®T>=3(T>,

/ 77V;5(G®T>=4(0>.

Althotigh formally a channel woith tewo
Simullancous inpuds, the no-s zgnd/ / '/
condition enswures CAL Alice can wse Aer
box ' withoed coating. Bobd 15 left with a

conditional charne/...
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No -S /:9/7@/ / /ng asSS1Sted cormricrncalion:

/w F)‘/. (= o p. )

D

)

Maci nret» #/y/53. with Pe NS =: a(K)

S/‘M/‘/ a, definmtions of O ( S > and & ( S > \//‘a
VX . # of /)7&55@335 ) a// rea/ac/ng ‘o

previows notions For classical channels.



No—s /gna/ / /ng asSS1Sted coririctrncalion:

/W F)‘/. (= Lo p. )

Thr. CRD/ A1 (k) = | YK |, where

Y(K) = pax 7Tr S sZ. 0 < 4/435 S e 1,
7r, 4 = 17
[[{(se1-)=p.




No—s {9’7&/ / /ng asSS1Sted corrictrncalion:

/w F)‘/. (= Lo p. )

D

Thn. CRD/ AT (K = | YK |, where
Y(K = pax 7F S sZ. 0 < (B s @ 1,
7r, 4 = 17

of’ Choi malrix of N H(§®]1—-é/>=0.

 support pr?/'eciz“on



A B

Y(K) = prax 7r S st. 0<d"<5 o1
T, U = 1%
[[{se1-D)=0.

reduces o classical Fractional pacé/ng
naméer for classical C/’/anne/ .

C7.S. Cubitt et a., TEEE-T7 5K $):8809-5523, 2017



AB

Y(K) = prax 7r S st. 0<d"<5 o1
T, U = 1%
[[{se1-D)=0.
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>//oa)e\/er ) 11 38/?8/‘Q/ MUCH riore Clomp/ ex
for instance not il f/p/ 1cative ; /e
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A B

Y(K) = prax 7r S st. 0<d"<5 o1
T, U = 1%
[[{se1-D)=0.

.reduces to classical fractional pac(/ing

naméer £e or c/ aAS S /‘ca/ C/'/anne/ .

Y/owe\/er ) 11 38/?8/‘Q/ MUCH riore COMP/ ex
for instance not »etl f/p/ 1ICative y /e,
Y(K®K) > T(KYY(K‘% Somelimes Strict.

What is C LK) = lip /-i- /og YKy 7



No -S /gna/ /. /‘ng asSS1Sled C/7dnne/ S //)74(/ ali1on:
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No -S /igna/ /. /‘nﬁ asSS1Sled C/7anne/ S //)74(/ ali1on:

A n/ channe! eoith

Kracs op's in K

. redices o Oé*( I’ > for c/ QSS/CQ/ C/7dnne/ S.



4. C? —c hanne/s

Support
prej- 1L

T hese are SE/// “\/ery classical “, eqg. Aave
Conf’é(SdA/‘//‘Z‘y 3/‘@ﬂ/’1 é, X*"X\ 17£F Hx Hx‘ = 0-



4. C? —c hanne/s

/X><X / 5;()(\ ’OX 55@2‘85 L()/

Support
prej- 1L

T hese are SE/// “\/ery classical “, eqg. Aave
COMMSQA/‘//‘Z‘}/ 3/‘@ﬂ/7 6 X"’X‘ 1 £ H H = 0.

Il = Z Ix2<xl @ 1l Choi madrix support
Pf?/eCf/Oh, 5//)7?//{*85 SDP Y(K...



A B

YK = prax 7r S st. 0<d"<5 o1
7, U = 1%
[I{sell-D=p.

CK. Duan/ AL, arXivig0g.342¢1



Y(K) = suax Z5x s5Z.0 =K, = 5>(H>lu
X
Z(ﬁ—f— s L) = 1.
X

CK. Duan/ AL, arXivig0g.342¢1



Y (K = max ZSX sZ. 0 s K. < 5>(Hi,
X
> (R + s 1) =1.
X
< ALK = ppax st SZ. 0 = S,
X

Z s AL <1

X

CK. Duan/ AL, arXivig0g.342¢1



Y(K) = suax Z\Sx s5Z.0 =K, = 5>(H>lu
X
Z(@—f— s L) =11.
X

< ALK = ppax st SZ. 0 = 5,
X

Senrtidefinite packing riumber; a/So reduces

Zo fractional packing ro. in classical case,
bt 15 mltinlicative: ALKoK) = A ACK).

CK. Duan/ AL, arXivig0g.342¢1



Y(K) = suax Z\Sx s5Z.0 =K, = 5>(H>lu
X
Z(ﬁ#— s L) = 1.
X

< ALK = ppax st SZ. 0 = S,
X

CK. Duan/ AL, arXivig0g.342¢1



Y(K) = suax ZSX s5Z.0 =K, = 5>(H>lu
X
Z(ﬁ—f— s L) = 1.
X

< ALK = ppax st SZ. 0 = S,
X
Z s AL <1
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EXCZMP/ e- 72)0 —pLtre —~sZale Cif —6/762/7/7@/

o, /$0>=O(/0>+6h> :Spdni/w0>‘<0/,

\/w, >=01p>-B > /w,><l/;

G>a>B >0; o +B7 =D

Y(K) =1, bet Y(K2K) = /(" +B7), and For
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Now the best: Minsuze A(K) over al/ C -
channels coith the Sarie confus dé/‘/ /‘Z(y
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T L. pun ALK = 29(6>) PN CO/\/S(K> = /og QD).

Ihn woords: lovdsz \ naméer 3/‘\/85 Zhe no-
S 1:9/?62/ / /773 asSS1Sled cqpac/i v of the woorst
o ~channe! with confusabilidy grap/ <2
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- SDP can reﬁa/ar/ze 2o a relaxed SDP i—)
— quac/z‘y /nz‘erprez‘az‘/on o L NESZ neeber

- Gap belroeen C0£(6> and /03 9 (F) 7

- ( ega/dr/‘za’é‘/on neCeSSer? 7778re COa/a/
be K sweh 242 Y(K=9(5) - of C/’l/ng-—-w
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